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Summary. The simulation of the dynamic behavior of a dtrce subjected to sets of moving
loads originated by vehicles whose structural bébrais also considered corresponds to a
task not efficiently addressed by standard finleanent packages. The capability of solving
this type of problems has been introduced in thMB&E4.0 computational code by means of
an integrated formulation, which includes equiliom and compatibility equations, with

unknowns that consist on displacements and intemacforces. Each system of linear
equations is efficiently solved by considering tharacteristics of each submatrix of the
coefficient matrix.
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1. INTRODUCTION

The finite element simulation of the dynamic eféeof moving loads on structures such as
bridges can be performed with or without the comisition of the vehicle's own structure.
When this is not taken into consideration only aodanoving loads has to be included in the
structural model of the bridge. The simulation dfe tvehicle-structure requires the
consideration of several independent meshes and dbepatibilization in contact points.
This compatibilization may require a connectionwsn two nodal points, between a nodal
point and a surface point or between two surfacetpoThe first situation is simply a
master/slave relationship between two degreeseafdisrm of the finite element mesh. The
second situation requires the compatibilization aofnodal degree of freedom with the
displacements of a point that is located in théaser of the finite element. These techniques
have been implemented in FEMIX 4.0, which is a gainpurpose finite element computer
program [1]. The third situation is not treatedeher

The dynamic analysis of a structure can be perfdrimedirect integration of the dynamic
equilibrium equations by means of one of the ctaddime history methods (e.g., Newmark
method, Wilsor® method). A slight improvement of the Newmark metheas proposed
in [2]. This new algorithm is termed Hilber-Hugh€&aylor (HHT) method or alpha-method,
and is adopted in the present work.

This paper describes the formulation of the conlettveen nodal points of the vehicle and
internal points of a finite element. In each tintepsa linear behavior is assumed. Dynamic
equilibrium equations in non prescribed degreefreddom, in contact degrees of freedom
and in prescribed degrees of freedom are separakegloped. Contact compatibility
equations between points of the vehicle and intepménts of a finite element are also
separately developed. All these equations constitutsingle system of linear equations
involving displacements, contact forces and reastias unknowns. After the solution of this
system of linear equations the displacements, itedecand accelerations at the current time
step can be calculated and a new time step isdtarhis heterogeneous system of linear
equations can be efficiently solved by means ofcthesideration of several submatrices with
specific characteristics.

A numerical application is presented to valida ftrmulation described in this paper.

2. FEMIX COMPUTER CODE

The HHT method has been implemented in the FEMOXcdmputer code [1], whose purpose
is the analysis of structures by the Finite ElemMethod (FEM). This code is based on the
displacement method, being a large library of typédinite elements already available,

namely 3D frames and trusses, plane stress elenflater curved elements for shells, and
3D solid elements. Linear elements may have twdhoge nodes, plane stress and shell
elements may be 4, 8 or 9-noded and 8 or 20 nodadhedra may be used in 3D solid
analyses. This element library is complemented witet of point, line and surface springs
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that model elastic contact with the supports, aisd a few types of interface elements to
model inter-element contact. Embedded line elemeamisbe added to other types of elements
in order to model reinforcement bars. All theseet/mf elements can be simultaneously
included in the same analysis, with the exceptibsame incompatible combinations. The
analysis may be static or dynamic and the matbghhvior may be linear or nonlinear. Data
input is facilitated by the possibility of imporgnCAD models. Post processing is performed
with a general purpose scientific visualizationgyeon namedirawmesH1].

Advanced numerical techniques are available, sscthe@Newton-Raphson method combined
with arc-length techniques and path dependentagpandent algorithms. When the size of
the systems of linear equations is very large,eegrditioned conjugate gradient method can
be advantageously used.

In the context of the dynamic analysis of strucungth moving loads and vehicle-structure
interaction the behavior of the materials is coased linear and the displacements are
assumed to be small enough to avoid geometricallyimear phenomena.

The following section provides a detailed desooiptof the formulation of the HHT method
in the context of a dynamic analysis with vehidiersture interaction.

3. HHT METHOD WITH VEHICLE-STRUCTURE INTERACTION

A simple example is used to introduce the typedegfrees of freedom that are considered in
the formulation of the vehicle-structure interantio the context of a time step of the HHT
method (see Figure 1). On the right, a simply suggobeam with two span81 andB2) is
subjected to the contact of a vehicle, shown onlgfie The structure of the vehicle is also
composed of two beam83 andB4). Nodes 7, 8 and 9 are internal points of tharbBga.
The location of these nodes may change betweenstieps, depending on the position of the
vehicle. Eventual gaps between both structurgy ¢an be easily considered in the
compatibility equations, as will be shown later.

& B Ts
e B | i } } !A .
B3 B4 Bl B2

Figure 1. Vehicle and structure: beams and nodadtpo

In each nodal point two degrees of freedom are idersd (vertical displacement and
rotation). Figure 2 shows the generalized displasdm in nodal points (1 to 12), the
generalized displacements of the contact pointeestructure (13, 14 and 15), the interaction
forces in the vehicleXg, Xo andX;31) and the interaction forces in the structuye;,(Y14 and
Y15). The interaction only involves the translatiodabrees of freedom.
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Figure 2. Vehicle and structure: degrees of freedmoh interactions forces.
The following classification of the degrees of ftem is considered:

» F—free;

» X -—interaction (vehicle);

* P - prescribed,;

* Y —interaction (structure).

This classification is used later in this section.
In the context of the HHT method, the dynamic afuiim equation that involves the degrees
of freedom in nodal points (1 to 12) is the followyi

Mu®+{1+a)Cu-aCu’+(@+a)Ku’-aKu’=(1+a)F -aF " @)

In this equatiorM is the mass matrix is the damping matrixX is the stiffness matrixg are

the applied generalized forces, are the generalized displacements ands the main
parameter of the HHT method. When=0 the HHT method reduces to the Newmark
method, and for other values of the parametarumerical energy dissipation is introduced in
the higher modes. The superscriptindicates the current time stepg {At) and the
superscripp indicates the previous one)(

According to Figure 2 and to the classificationioaded above, thE type degrees of freedom
are the following: 2, 4, 6, 8, 10 and 12. Theaype degrees of freedom correspond to the
"supports” of the separated vehicle-structure, dgpéire following: 7, 9 and 11. The type
degrees of freedom are the main structural supposand 5. Th& type degrees of freedom
13, 14 and 15 consist on the internal displacemartgamB1l at the contact points.

According to this classification of degrees of ftem, Eq. (1) can be expanded by considering
several submatrices, yielding
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In theF type degrees of freedom,
Fe =Pe+dg Yy (3)

being P the external loads applied in correspondence w#&bh degree of freedom. Each
componentl; of dey corresponds to the nodal force in thegype degree of freedomwhich is
equivalent to a single load consisting of a unitaalue ofY; (see Figure 2).

In the X type degrees of freedom,

Fyx =Py +1l Xy (4)

beinglxx the identity matrix with an appropriate size.
In theP type degrees of freedom,

Fp=Ppt+dpy Yy +R, (5)

beingRe the reactions.
According to Figure 2, equilibrium equations in tantact degrees of freedom can be written,

yielding
XY = _lx (6)
Since the number of type degrees of freedom coincides with the nunatbeé¢ type degrees

of freedom, the subscriptmay be replaced witK.
Eq. (6) is then substituted into Eqg. (2), leadiog t
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(7)

Mg Mg M| U7
My My My !>C<
Mpe Mg Mg || U7
Cee Ci Cro]|uf Cee Ci Cro||Uf
+(1+0‘) Cwr Cxx Cye H>C< —a|Cyr Cux Cyp Q)?
Cee Cox Copl|Us Cor Crx Cip _HIE_
K K Kep|Juf K K _FP_ u?
+(1+oc) K Kyx Kyp H; —al Ky Ky Ky H;() =
K Kox Kpp _H; Kee Kox Kep _!lf_
ElS ElE _gFX ng 0 0
(1+a)| Pg |—a| Py |+[@+a)| 1y |X5-a| Ly [X2+(@+a)| O |-a| O
E; EIE _gPX ng B; Bg

Eq. (7) is equivalent to the following three eqaas
Mge Ug +M g, U5 +M o7 ®)
+(1+a)QFF U +(1+0‘)9Fx U +(1+a)QFP U
—aCeq ng —aCpy 9)? —aCp glf
+(1+a)£FF ug +(1+a)£FX Uy +(1+a)£FP ur

—aKe U —a K Uy —aKe Ul =

(:I-'H)‘)E!g _OCEFp _(1+0‘)ng Af( +a dey A)?
9)

My Up + My Uy +M o7
. C . C . C
+(1+a)QXF Ue +(1+a)§xx Uy +(1+a)§xp Up
—aCye HFp —a Cyy Q)? —aCyp QF?
+(1+a)ﬁ><|: U; +(1+a)ﬁx>< H; +(1+a)ﬁxp !;
—a Ky H;f —a Ky H)f —a Ky HF") =

(I+a) Py —a PY +({1+a) ] X5 =alyy X
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M GE +M gy i +M ool (10)
+({1+a) Cpe 0f +(1+a) Cpy U5, +(1+a)Cpp U
~aCpp UF = Cpy Uf ~a Cpp U}
+(1+a)£PF Ulg +(1+06)ﬁpx H; +(1+06)ﬁpp !;
—o Kpr U —a Kpy Uy —a Kpp UL =
(L+a) P -a PP -(1+a)dpy X5 +adp X{+1+a)RE-a RY

By placing all terms containing unknown variableghe first member, Eq.s (8) and (9) result
in

M e UE + M, U5 +(L+a) Cpe UF +(1+a)Cpy Ug (1)
+(1+0) K uf +(1+a) Key ug +(1+a)dpy X5 =

(L+a)Pf—a PP +ady X§~Mgis
_(1+a)9FP g; +a Cre Qlf +a Cpy 9>’<) +aCpp QIE

_(1+a)£FP Up+aKe Uf +a K ug+aKep ug

M ¢ lif +M o U5 +(1+a) Cye U7 +(1+a)Cy U (12)
{1+ a) Kye U +(1+a) Ky Uy —(1+a) 1 X5 =

(L+a) Py —a PP =0l X2 =M ,oi5
_(1+0‘)pr 9; +a Cyp Hlf +a Cyy Q)? +aCyp QIE

_(1+0‘)5><P Q; ta Kye Hlf +a Ky !>’<) +aKyp HIE

After the solution of the system of linear equasioonly the current reactions remain
unknown. These can be calculated with the follovgggation

c C Cc (13)
Rs = ? RS_PP'*'L PF’>)+QP>< Xx -

- 1+a 1+a — 1+a

gPX l)’()

1 C 1 .. C 1 .. C
+—M U +—M Uy +— Ml
1+a_PF YUe 1+a_PX X 1+a_PP_P

C

. C . C . . a . p a . p
+QPF Ue +pr Uy +9PP Up = QPF Ug - CPX Uy — Cep U
1+a 1+a

which is equivalent to Eq. (10).
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Eq. (11) can be written as

M (e Uf +M gy Ug +({1+a) Cpp U7 +(1+a)Cry g (14)
+(1+a)£FF ng +(1+a)£FX Q>c< +(1+a)d X5 E
being F . defined by
Er=(1+a)Pi ~a P +adey X§-Mel; =)

_(1+a)CFPu +aCp Uf +aCpy UR +aCpp Ug

—(1+a)K e Up c+a K e Up P+a Kpy g£+aﬁppg,f

According to the Newmark method, the velocity and the displacemenék type degrees of

freedom, at the current time step-(At), can be defined as [3]
ur =uf +[a-5) a2+ a]a Y

(17)

U Zup +u; At{@—ﬁjgwgs}mz

These equations are also used in the HHT methael pahametey defines a linear weighting

between the influence of the initial and final decations on the velocity variation and the
parametep defines a similar weighting of the acceleratiomstibe displacement variation.
These parameters influence the stability and acgwhthe HHT method.

Solving Eq. (17) foni; gives

c_ 1 ¢ 1 5, 1 5 (1 p (18)
Ug = sUr ~ sUr — Up —| o> —1|U¢
SO SOt SOt 2

Substitutingli; given by Eqg. (18) into Eq. (16) yields

(19)
0f =02+ (1) U2 Aty | —uf P - a1 u? A
POt POt POt 25
This equation can be rewritten as
(20)
uf=—touf-TouPruP 1= +ip at1-yp-L4y
PAL POt p 25

which is equivalent to
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(21)
uf=—oui T+ 1= uPeat|1- 1| 6P
At ~T  pAt B 28

By replacingF with X in Eq.s (16) and (17), and performing a similarrangement, one has,
by analogy with Eq.s (18) and (21),

e 1 < 1 ., 1 ., (1 . (22)
Uy = 7Ux ~ 7Ux — gx___l Uy
BAt BA BAt 28
(23)
ug = toug - oup+1- 2 uf vt 1-2 S
BA SOt B 28

(24)
MF{ Loyeo 1oye- 1tg£—(i—1]g£}

+(1+0)Cpr Luc_Lup+(1_ljg§+At(1—é gg’}

clra)Cp | s _Luu(l_

Rearranging this equation one has
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1 . (25)
{W Mee +(1+0‘)QFF ﬁ+(1+a)ﬁFF}QF
1 c c
-'{ﬁAtz M e« +(1+a)9FX ﬁ"’(l"'a)ﬁm}gx +(1+a)ng Xy =
= 1 1 1
Fr+M uf +——uf +| —-1|uf
e T Mer [ﬂA’[Z YF BAt UF (Zﬂ j_F}
SR SR O S
———Ug+—u’+ -1|U
V1 Ex {ﬁA'{z Ux BAL Uy (Zﬁ j_x}
| Y b 4 4 --p_
+{1+a)Cq u: + 1luf +At] -1
e e 3 4
. 4 4 - p
+1+a)C uy -1ljuy, +At| —-1|U
( 0‘)_ ﬁAt Ux (ﬁ J X (Zﬁ J_x_
which is equivalent to the following compact form
K Ur +Kpug +(1+0‘)de Xy = EF 29
being
K =AM +(1+a) AC +(1+a) K (27)
KFX =AM +(1+0‘) ACk +(1+0‘)5Fx
= = . N . N 28
Fr=F:+M [%95+A29£+A39£]+MFX [Angx"+Azgx"+Asu§’] @9
+ QFF[Ag£+w£+ué’]+(1+a)gpx[Agx"wg;’wg;’]
1 oy (29)
A= BAL A= BAL A= ﬂAt
A=o=-1 A=L-1 A =0 L -1
2p B 2f

EqQ. (12) can be rearranged yielding

10
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M ¢ Q; +M 9; +(1+0‘)§><F 9; +(1+a)§xx 9; (30)
+(1+a)£XF !E +(1+a) K xx H>c< _(1+0‘)|_xx X>C< :Ex
being F, defined by
Ey=(+a)Pi—aPf-aly X{-Ml; (1)
_(1+a)gxp 9; +0o Cyp Qlf +a Cyy Q)F: +a Cyp HIE
_(1+a)£xp Q; ta Kye Qlf +a Ky H; +a Kyp H;)

The substitution of Eq.s (18), (21), (22) and (23) into(BQ) yields

1 . 1 1 . 1 ) (32)
M e sUf ———uf ———uf - —-1|G7
it Bt it 28

+MXX 129;:(_ 129)?_19)?_ 1_12)‘()
B Bt Bt 28
Y ¢ V Y Y |
+{1+a)Cy u ug +(1_E] ug +At (1_EJ an}

e
Y ¢ v Y Yo
pr U e R

+(1+a)£XF H; +(1+a)ﬁxx H; _(1+a)|_xx l)c( :Ex

+ (1+0‘)Qx><

Rearranging this equation yields

11
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1 c (33)
{W M ¢ +(1+0‘)9><Fﬁ+(1+0‘)5>¢}%
H o Mg+ (1) G L+ (1 0) K |5~ (1) L X5 =
pAL> = BAt
'Ex +M e : qu + F -1d
B Y7\ S ﬂAt_
1 1
+M Uy + 1|u
— {ﬁmz It ﬁAt 2 (Zﬁ j }
Y b 4 4 i P
+{1+a)Cy ul +l = -1({uf +At| -1
O e
. 4 Y i p
+{1+a)C uy -1|uf +At| L -1]ui
( 0‘)_ ﬁAt_X ( j X (Zﬁ J_x
which is equivalent to the following compact form
K ug +Kxx9>c< _(1+0‘)|_xx X5 :Ex (34)
being
=AM, +(1+0‘) AC ¢ +(1+a)ﬁXF (35)
=AM +(1+0‘) AC .« +(1+0‘)ﬁxx
Fo=F M [Aur+Aul+A Q|+ M AUl +A a2 +A G CO
1+ a)Cpe [A U+ AU+ A UZ|+ (A a)C o [A U +A 0T +A U]
The parameter&, to As are defined by Eq. (29).
In matrix notation, Eq.s (26) and (34) become
4 = (37)
|:KFF KFX (1+0‘)ng} a'c: _ Ee
KXF K _(1+0‘)|_xx i)}( Ex

In all the interaction degrees of freedom, andlfercurrent time step € At), a compatibility
equation is required. The subtraction between @latement of the vehicle and the

12
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corresponding displacement of the structure mustidorl to the gap; (see Figures 1 and 2).
This compatibility equation can be written as

c c c (38)

being

c _ c c c 39
Uy =Gy US+Cpup+f Yy (39)

In this equation, each componegt of cyr corresponds to the displacement in theype
degree of freedom for a single unit displacement in tlietype degree of freedoin(see
Figure 2). The components of matgx have a similar meaning. Each comporgnf fvy
corresponds to the displacement in Yhigpe degree of freedoimfor a single load consisting
of a unitary force on th¥ type degree of freedop(see Figure 2). All the components of the
matrix fyy are calculated assuming null generalized displacgésnin theF type andP type
degrees of freedom. When the finite elements asedan the beam theory the matrix is
not null. In finite elements whose formulation iasked on shape functions the matrix is
null.

Since the number of type degrees of freedom coincides with the nunalbeéf type degrees
of freedom, the subscriptmay be replaced witk. Substituting Eq.4) into Eq. 89), yields

¢ = : < - ¢ 40
Uy =Cyr U ¥Cyp Up ixx Xx (40)

Substituting Eq. (40) into Eq. (38) gives

—Cue Uf +uy +f X5 =g +Cye Up (41)
Multiplying both members of Eq. (41) by the con$ta|ﬁl+ a) results in
(L+a)ce uf ~(L+a)uy ~(L+a) £ X5 =~{1+a) g’ —(L+a)cyp ug (42)
Rewriting Eq.s (37) and (42) in matrix form leads t
K K c = 43
Ke Kex (L+a)dey || uf Fe 43)
Kxe Kxx _(1+a)|_xx !)C( =| E4
(1+a)9XF _(1+a I_xx —(l+a)ixx A)C( gx
being
9, =) g -1+ a)e,e u; (@)

13
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It is possible to demonstrate that in Eq. (43) ¢befficient matrix of the system of linear
equations is symmetric.

4. NUMERICAL EXAMPLE

In order to validate the proposed formulation,rapdy supported beam subjected to a moving
sprung mass is analyzed. This example is solvethéypresent direct method and by an
iterative method proposed in [4] and [5]. The oh¢al results are also compared with those
published in [6] and [7].

Figure 3 shows a simply supported beam subjectednmving sprung mass. The properties
of the simply supported beam coincide with thosedusy Yang and Wu [8], being the span
L =25.0 m and its geometrical and mechanical ptagsethe following: Young's modulus
E = 2.87 GPa, Poisson’s ratio= 0.2, moment of inertia= 2.90 n¥ and mass per unit length
m = 2303 kg/m. The beam is divided in 50 finite etens.

The sprung mass is modeled with two vertical bearhe upper beam simulates the mass
Ms= 5750 kg and the lower beam simulates the stiffles 1595x18 N/m of the vehicle.
The constant velocity of the sprung masg #100 km/h, its frequency fg = 2.65 Hz and its
mass ratidVi/(mL) is 0.1. The damping effects of the bridge andaltelare considered to be
negligible.

In the numerical integration by the HHT method fbkowing parameters are considered:
At =0.005s, # =0.25,y=0.50 andr = 0. The total number of time steps is 180.

25.0

Figure 3. Simply supported beam subjected to a npsprung mass.

The dynamic response of the beam subjected to theéingn sprung mass, in terms of
displacement and acceleration at the midpointlages in Figure 4.

14
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Figure 4. Vertical deflection and accelerationted midpoint of the beam.

The sprung mass deflection and acceleration ateedlon Figure 5.

0.0005 0.30
0.25 — Direct method with interaction
— Direct method with interaction -9

€ 000001 % = lterative method with interaction
T:’ = Iterative method with interaction = 0204
.S -0.0005 S 0159
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-0.0030 T T T T T T T T -0.20 T T T T T T T T

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
Time (s) Time (s)

Figure 5. Vertical deflection and accelerationtod sprung mass.

Figure 6 shows the variation of the contact foreéMeen the sprung mass and the simply
supported beam.

58.00

— Direct method with interaction

57.504 e Iterative method with interaction

o
X
=3
=}

56.507

Contact force (kN)

o
o
=)
S

55.50

55.00 . . . . . . . .
0.0 0.1 0.2 03 0.4 0.5 06 0.7 0.8 0.9
Time (s)

Figure 6. Contact force between the sprung masdtandimply supported beam.

A perfect agreement can be observed between thdtsesbtained with the proposed
formulation and those published in [6] and [7].

15
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5. CONCLUSIONS

In the present work an integrated model whose aittheé dynamic analysis of structures by
the Hilber-Hughes-Taylor method is proposed. Thi®m@thm treats the interaction between
moving vehicles and a structure such as a bridges Tvork provides a significant
improvement relatively to the method proposed inajdd [5], since the compatibility between
vehicle and structure is no longer imposed by emaiive method, but by means of an
integrated formulation that considers as varialdesplacements and contact forces. The
governing system of equations comprises dynamidgliequm equations and compatibility
equations. The system of linear equations thaesuas each time step is efficiently solved by
Gaussian elimination, by considering several subogst and their own characteristics. A
significant improvement in terms of efficiency gmetcision could be observed.
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